Abstract. Let M be a compact constant mean curvature surface either in S 3 or R 3 . In this paper we prove that the stability index of M is bounded from below by a linear function of the genus. As a by-product we obtain a comparison theorem between the spectrum of the Jacobi operator of M and those of Hodge Laplacian of 1-forms on M ..
Introduction
Let M 3 be a complete Riemannian 3-manifold and let M ⊂ M 3 be a compact surface immersed inM 3 . It is well known that M is a minimal surface if it is a critical point of the area functional, and M is a constant non zero mean curvature (CMC) surface if it is a critical point of the area functional for those variations that preserve the enclosed volume. When the ambient space is the Euclidean threespace, it means that minimal surfaces are the mathematical models of soap films while constant mean curvature surfaces are those of soap bubbles.
The stability properties of minimal and CMC surfaces are given by the study of the second variation of the area functional. In order to give a precise definition let us assume that M is closed and two-sided, and denote by N a unit normal vector field along M. Given u ∈ C ∞ (M), a smooth function on M and considering variations given by V := uN, the second variation formula is given by the quadratic form
where Ric(N) is the Ricci curvature of M in the direction of N and A 2 stands for the square norm of the second fundamental form of M (see Section 3 for details). For CMC sufaces the requirement that variations preserve the enclosed volume is equivalent to consider functions satisfying M u dM = 0. For future reference we will denote by F the space of smooth functions satisfying this property.
The Morse index of a minimal surface M is defined as the maximal dimension of a vector subspace of C ∞ (M) where Q is negative defined and will be denoted by Ind(M). If M is a CMC surface, we define the weak index Ind w (M) as the maximal dimension of a vector subspace of F where Q is negative defined. The index is always finite when M is compact and if the index is zero, we say that the surface is stable. In fact, the index indicates the number of directions whose variations decrease area. If M is non compact, we can extend the notion of index by taking a limit of the indices of an exhaustion on M. Finally, we recall that all these concepts can be given in higher dimensions as well.
A classical theorem proved independently by do Carmo and Peng [14] , Fischer-Colbrie and Schoen [18] and Pogorelov [40] asserts that a complete stable minimal surface in R 3 is a flat plane. If M is a complete minimal surface with finite index immersed in a manifold M with nonnegative scalar curvature, Fischer-Colbrie [17] and Gulliver [20] , also independently, proved that M is conformally diffeomorphic to a compact Riemann surface with genus g and punctured at finitely many points p 1 , . . . , p r , corresponding to the ends of M. In [34] , using harmonic 1-forms to construct test functions, Ros proved that the index of a minimal surface immersed in R 3 or in quotients of R 3 is bounded from below by a linear function of its genus, namely he proved that Ind(M) ≥ 2g/3 if M is orientable and Ind(M) ≥ g/3 if M is nonorientable. In the case of oriented minimal surfaces M ⊂ R 3 , Chodosh and Máximo [16] , improved Ros' ideas and proved that Ind(M) ≥ 2 3 (g + r) − 1. For closed minimal hypersurfaces in the unit sphere M ⊂ S n+1 , Savo [37] proved that the Morse index is bounded from below by a linear function of its first Betti number (the genus in dimension 2) of M. This result was generalized recently by Ambrozio, Carlotto and Sharp in [5] and by Mendes and Radesh in [29] for a wide class of ambient manifolds with positive curvature. These results provide a partial answer for a conjecture of Marques and Neves which asserts that the index of a compact minimal hypersurface immersed in ambient spaces with positive Ricci curvature is bounded from below by a linear function of the first Betti number (see [28] and [30] ).
Also recently, Chao Li proved in [25] that the index and the nullity (the dimension of the subspace of solutions to J = 0) of a complete minimal hypersurface with finite total curvature in the Euclidean space is bounded from below by a linear function of the number of ends and its first Betti number.
In the case of CMC surfaces, Barbosa, Do Carmo and Eschenburg [7] proved that geodesic spheres are the only compact constant mean curvature hypersurfaces in space forms that are stables, that is, whose weak index is zero. On the other hand, there are few results in the literature about index estimates of other examples of CMC hypersufaces. To the best of the authors' knowledge, estimates were given by Lima-Sousa Neto-Rossman [26] and Rossman [35] for CMC tori in R 3 , by Perdomo-Brasil [32] for CMC hypersurfaces in the sphere, but in terms of the dimension, and by Rossman-Sultana [36] and Cañete [13] for CMC tori in S 3 . The purpose of the present paper is to generalize Ros and Savos's estimates to obtain lower bounds for the week stability index of compact CMC surfaces immersed in either R 3 or in S 3 in terms of the genus. To do that we apply Ros' ideas [34] making use of harmonic 1-forms to construct test functions related to the topology of the surface.
We point out that the similar ideas were used by Palmer [31] to obtain a lower bound for the index of the energy functional and also by Torralbo and Urbano in [39] to classify stable CMC spheres in homogeneous spaces.
This paper is organized as follows. Section 2 is devoted to state the main results of the paper. In Section 3 we present the precise definition of index we discuss some known examples of CMC surfaces and they indices. In Section 4 we present some auxiliares results that will be used in Section 5, a section dedicated to the proofs of the theorems.
Results
In this section we present the precise statements of our results. For simplicity let us denote byM 3 c the space form of constant curvature c ∈ {0, 1}, that is, the 3-dimensional unit sphere S 3 for c = 1 and the 3-dimensional Euclidean space R 3 for c = 0. Our main theorem read as follows.
Theorem 2.1. Let M 2 be a compact constant mean curvature surface with genus g immersed inM
.
Note that if M is stable CMC surface inM 3 c , then Theorem 2.1 implies that M is a topological sphere and by Chern-Hopf Theorem [15, 21] it is a round sphere. So we recover Barbosa-do Carmo-Eschenburg Theorem [7] in dimension n = 2.
Remark 2.2. It is a natural question to wonder whether there is a lower bound for the weak index of compact CMC hypersurfaces in S n+1 or in R n+1 , n ≥ 3, in terms of the first Betti number.
As a by product of the technique, we obtain a comparison between the eigenvalues λ Remark 2.5. If M is a compact minimal hypersurface in S n+1 which is not totally geodesic, then −n is an eigenvalue of J with multiplicity at least n + 2 (see [42] , [19] , [37] ), in particular its index is at least n + 3, since the first eigenvalue is simple. Savo [37] used this fact to improve his estimates for the index of minimal hypersurfaces in the sphere. We would like to point out here that Perdomo and Brasil proved in [32] that if M is a compact CMC hypersurface in S n+1 which is not totally umbilical, then Ind w (M) ≥ n + 1, however the negative eigenvalues are not explicit and thus we cannot use it to improve our estimates.
Preliminaries
In this section we will considerer hypersurfaces in any dimension.
3.1. The index of constant mean curvature hypersurfaces. Let M n+1 be a Riemannian manifold and let ψ : M n →M n+1 be an immersed two sided compact hypersurface without boundary. We consider in M the Riemannian metric g induced by ψ. Let ∇ and∇ be the Levi-Civita connections on M andM , respectively. Fixed a unit normal vector field N along M, we will denote by A its associated shape operator, that is,
The mean curvature function of M is then defined as H = (1/n)trA. It is well known that every smooth function u ∈ C ∞ (M) induces a normal variation ψ t : M n →M n+1 given by
where exp denotes the exponencial map inM n+1 . Since M is closed and ψ 0 = ψ, there exists ǫ > 0 such that
are immersed hypersurfaces for all t ∈ (−ǫ, ǫ). We can consider the area functional A u : (−ǫ, ǫ) → R which is given by
where dM u,t is the n-dimensional area element of the metric induced on M by ψ t . The first variation formula for the area is given by
As a direct consequence, minimal hypersurfaces are characterized as critical points of the area functional, while constant mean curvature (CMC) hypersurfaces are the critical points of the area functional restricted to variations that preserves volume, that is, M u dM = 0. For such critical points, the second variation of the area functional is given by the following quadratic form
Here A 2 = tr(A 2 ) is the Hilbert-Schmidt norm of A and Ric(N) denotes the Ricci curvature ofM in the direction of N. Integrating by parts we can write
where J = ∆−Ric(N)− A 2 is the so called Jacobi operator or stability operator of M. We also point out that we are using the geometric definition of the Laplace-Beltrami operator, that is, ∆u = δdu where δw = −tr∇w for w ∈ Ω 1 (M). The index of a CMC hypersurface M is denoted by Ind w (M) and defined as the maximum dimension of any subspace V of
on which A ′′ u (0) is negative definite. In other words, Ind w (M) is the number of negative eigenvalues of J, which is necessarily finite for closed hypersurfaces. In the special case thatM 3 has constant sectional curvature c, the Jacobi operator reads as
and this form will be used in the rest of the paper.
Examples of compact CMC hypersurfaces and their indices.
The most simple examples of closed CMC surfaces in the Euclidean space are the geodesic spheres, which are the only stables ones [6] . In 1986, Wente [43] constructed the first examples of CMC tori in R 3 solving a question posed by Hopf in [21] . After that, all CMC tori in space forms were classified in a series of works (see [1] , [8] , [33] and [41] ) and their indices were estimated by Lima, Sousa Neto and Rosmann in [26] and by Rosmann in [35] . One can summarizing they results as follows
The index of a CMC torus in R 3 is at least 8 and there are CMC tori with arbitrarily large index. Many examples of compact CMC surfaces with genus g ≥ 2 were constructed by Kapouleas in [22, 23, 24] using the gluing method.
When the ambient space is the round sphere S n+1 many examples of CMC hypersurfaces are known. Again, geodesic spheres are the only stable CMC hypersurfaces [7] . The next important family is given by the CMC Clifford tori, including the case H = 0. In fact, it was proved by S. Brendle [9] that that Clifford tori are the only minimal embedded tori in S 3 , confirming longstanding conjecture of H. Lawson. It is proved by B. Andrews and H. Li [4] that all CMC embedded tori in S 3 are rotational surfaces, confirming longstanding conjectures of Pinkall-Sterling. We also note that Andrews and Li [4] gave a complete classifications of all CMC embedded tori in S 3 . It follows from the work of Simons [38] that any compact minimal hypersurface not totally geodesic in S n+1 has index Ind(M) ≥ n + 3 and it is also well known that the minimal Clifford torus has index n + 3. It is a natural problem to classify the minimal hypersurfaces M ⊂ S n+1 with Ind(M) = n + 3. This problem was solved when n = 2 by Urbano in [42] , showing that the minimal Clifford tori are the only minimal surface in S 3 whose index is 5. This problem is still open in higher dimensions.
In the case H = 0, Perdomo and Brasil [32] proved that if M ⊂ S n+1 is a compact CMC hypersurface not totally umbilical, then Ind w (M) ≥ n + 1 (see also [2] for a nice survey). Recently, Alias and Piccione [3] showed the existence of infinite sequences of isometric embeddings of tori with constant mean curvature in Euclidean spheres that are not isometrically congruent to the CMC Clifford tori, and accumulating at some CMC Clifford torus. In the same spirit as above, the index of CMC tori of revolution in S 3 were estimated by Rossman and Sultana in [36] and by Cañete in [13] . On the other hand, higher genus CMC surfaces in S 3 were constructed by Butscher-Pacard [12] (see also [10, 11] for examples higher dimensions), but no index estimates is known.
Test functions based on coordinates of vector fields
In this section we will consider CMC immersed surfaces ψ : M → M 3 c . In the spherical case, c = 1, we will also consider the unit normal vector field ν = −ψ along S 3 , such that the second fundamental form of the inclusion map,ψ : S 3 → R 4 , is the identity. That is, D X ν = −X where D denotes the Levi-Civita connection in the Euclidean space. It follows immediately that
Fixed an orthonormal basis E = {Ē 1 , . . . ,Ē 3+c } of parallel vector fields on R 3+c we will denote by
the vector fields given by the orthogonal projection ofĒ i on T M. For the fixed basis E we will consider the smooth support functions f i , g i : M → R given by
Let ξ ∈ T M be a smooth vector field on M and let ω denote its dual 1-form, that is ξ = ω # . Inspired in the works of Ros and Savo we will use the coordinates of ξ ∈ T M as test functions. They are given by
Let us denote by ∇ * ∇ the rough Laplacian acting on vector fields and by ∆ the Hodge Laplacian acting on 1-forms. They are defined, respectively, by
where d is the exterior differential and δ = − ⋆ d⋆ is the formal adjoint of d with respect to the canonical L 2 -inner product on 1-forms induced by the Riemannian metric of M. We define the Laplacian of the vector fields ξ as being ∆ξ = (∆ω) # and so these Laplacians are related by the well known Bochner formula
where K is the Gauss curvature of M. In order to compute the Jacobi operator of w i we need the following lemma.
Lemma 4.1. Let M 2 be an orientable CMC surface immersed inM 3 c . Then, using the above notation we have
Proof. Fixed a point p ∈ M, we consider a local orthonormal frame {e 1 , e 2 } on M which is geodesic at p. A direct computation shows that ∇ e ℓ E i = g i Ae ℓ + cf i e ℓ , ℓ = 1, 2. Thus, using Einstein summation notation, we get
where in the last equality we used the Bochner equation (4.1) and the Gauss equation in the form below:
To conclude the proof we note that shape operator A satisfies the following equation
We end this section noting that the coordinates of harmonic vector fields are admissible functions to compute the index of CMC surfaces. Moreover we have:
Proof. If ξ is harmonic we have div ξ = 0 and therefore
Now, recall that, in an orthonormal basis {e 1 , e 2 } of T M, the Hodge star operator is defined by ⋆e 1 = e 2 , ⋆e 2 = −e 1 .
Since ∆ comutes with ⋆ it follows that ⋆ξ is also a harmonic vector field on M and this concludes the proof.
Proofs of the theorems
For simplicity we will present the proofs in the case of CMC surfaces in the unit sphere S 3 . The case of CMC surfaces in R 3 follows the same steps.
Let us denote by L ∆ m the vector space given by the direct sum of the eigenspaces generated by ξ 1 , ξ 2 , . . . , ξ m , the first m eigenfunctions of the Hodge Laplacian ∆ and let us denote by H 1 (M) the vector space of the harmonic vector fields on M. Notice that dim H 1 (M) = 2g, where g is the genus of surface M, and
Proof of Theorem 2.3. Since J is an elliptic self-adjoint operator, it admits a sequence of eigenvalues diverging to infinity,
given by eigenfunctions of the Jacobi operator, that is, Jφ i = λ J i φ i . We denote by J p := φ 1 , · · · , φ p ⊥ the linear space orthogonal to the first p eigenfunctions of the Jacobi operator.
Initially, we look for vector fields ξ ∈ L ∆ m such that the functions w i ,w i ∈ J α−1 , for some α ∈ N and i ∈ {1, . . . , 4}. In other words, we have a system with 8(α − 1) homogenous linear equations in the variable ξ where m(α) > 8(α − 1).
5.2.
Proof of Theorem 2.1. We start as in proof of Theorem 2.3 but now choosing an orthonormal basis {φ 1 , φ 2 , · · · } of the space F = u ∈ C ∞ (M); M u = 0 given by eigenfunctions of the Jacobi operator. We already know from Lemma 4.2 that for any ξ ∈ H 1 (M) the test functions w i ,w i ∈ F .
Consider then vector fields ξ ∈ H 1 (M) such that the test functions w i ,w i ∈ J α−1 , for some α ∈ N and i ∈ {1, . . . , 4}. As before, if dim H 1 (M) = 2g > 8(α − 1), then the system (5.1) has at least a non trivial solution ξ ∈ H 1 (M). Following the same steps as above, we use Lemma 4.1 but now for the harmonic vector fields ξ and its dual ⋆ξ. We obtain
Hence, we conclude that λ J α < 0 and then Ind w (M) ≥ α. Since α can be chosen as the largest integer such that 2g > 8(α − 1) we get Ind w (M) ≥ g 4 .
